Abstract. In this article, we construct simply connected symplectic Calabi-Yau 6-manifold by applying Gompf's symplectic fiber sum operation along T 4 . Using our method, we also construct symplectic nonKähler Calabi-Yau 6-manifolds with fundamental group Z. We also produce the first examples of simply connected symplectic Calabi-Yau and non-Calabi-Yau 6-manifolds via coisotropic Luttinger surgery on non simply connected symplectic 6-manifolds.
Introduction
Our work in this paper is inspired and motivated by works of I. Smith, R. Thomas, and S. T. Yau [25] , and more recent works of T-J. Li and C-I. Ho [17, 18] , and S. Baldridge and P. Kirk [10] where they introduced the symplectic surgery operations on symplectic 6-manifolds, called the symplectic conifold transition and coisotropic Luttinger surgery, respectively to study the symplectic Calabi-Yau 6-manifolds. The main goal of this paper is to construct simply connected symplectic Calabi-Yau 6-manifolds. Our construction will employ Gompf's symplectic connected sum operation. Along the way, we also produce symplectic non-Kähler Calabi-Yau 6-manifolds with fundamental group Z. The only known purely symplectic construction of simply connected symplectic Calabi-Yau 6-manifold were given recently by J. Fine and D. Panov in their seminal paper [13] in 2009. We believe that our construction is simpler than than the construction in [13] . The examples constructed more recently by Baldridge-Kirk in [10] via coisotropic Luttinger surgery have b 1 ≥ 2. Very little is known about the geography of symplectic Calabi-Yau 6-manifolds. A concise history of constructing symplectic Calabi-Yau 6-manifolds can be found in [25, 11, 13, 10, 17] . In comparision, we would like to remark that, in dimension 4, a great deal is known about the geography of symplectic Calabi-Yau manifolds ( [24] , [28] , [30] , [9] )(see also the survey [29] ).
Let CP 2 denote the complex projective plane and let CP 2 denote the underlying smooth 4-manifold CP 2 equipped with the opposite orientation. Let X denote E(1) = CP 2 #9CP 2 , the complex projective plane blown up at 9 points. Our main results are the following theorems. 
Theorem 1.
There exist a simply connected symplectic Calabi-Yau 6-manifold that can be obtained from E(1) × T 2 by symplectic connected sum along T 4 .
Theorem 2.
There exist a non-Kähler Calabi-Yau symplectic 6-manifolds with the fundamental group Z that can be obtained from E(1) × T 2 by symplectic connected sum along T 4 .
Our paper is organized as follows. Section 2 contains a brief review of symplectic surgery operation on symplectic manifolds called the symplectic connected sum, and the proofs of some preliminary results that will be used in our proof of Theorem 1 and Theorem 2. In Section 3, we construct simply connected symplectic Calabi-Yau 6-manifolds as the symplectic connected sum of two copies of symplectic 6-manifold E(1) × T 2 along T 4 and present proof of our main Theorem 1. In Section 4, we construct symplectic non-Kähler Calabi-Yau 6-manifolds with fundamental group Z and prove Theorem 2. Finally, in Section 5, we also show how to obtain such examples (simply connected and π 1 = Z examples) by coisotropic Luttinger surgery on many non-simply connected symplectic 6-manifolds. Several other applications are also discussed in Section 5. In a forthcoming paper, we study in detail the geography of symplectic Calabi-Yau 6-manifolds [4] .
Symplectic Connected Sum
In this Section, we recall some basic facts about the symplectic connected operation, see [19] for more details. In [19] Gompf defines a surgery operation which takes two smooth manifolds and glues them along diffeomorphic submanifolds. Do do such gluing, one needs an orientation reversing diffeomorphism of the normal bundles of the given submanifolds. Furthermore, he has proved that this is a symplectic operation. Namely, if the manifolds and submanifolds are symplectic, then the resulting manifold will admit a symplectic structure as well.
Definition 3. Let (X 1 , ω X 1 ) and (X 2 , ω X 2 ) be closed symplectic 2n-dimensional manifolds. Suppose that (Y, ω Y ) is another symplectic manifold of dimension 2n − 2, and that there exists symplectic embeddings j i : Y → X i . Denote by Y i the images j i (Y ) and by ν i their normal bundles in X i . Assume that the Euler class of ν i satisfy e(ν 1 ) + e(ν 2 ) = 0. Then for any choice of an orientation reversing ψ : ν 1 ∼ = ν 2 , the symplectic connected sum of X 1 and X 2 along Y is the manifold (
The diffeomorphism type of X 1 # ψ X 2 depends on the choice of the embeddings and of the orientation reversing bundle isomorphism ψ. We will sometimes abuse our notation and denote the symplectic connected sum by
Theorem 4. For any choice of an orientation reversing ψ : ν 1 ∼ = ν 2 , the manifold X 1 # ψ X 2 admits a canonical symplectic structure ω induced by ω X 1 and ω X 2 .
Consider the union of X i along Y i . One can construct a fibration Z over D 2 with this union as the central fiber and the sum manifold as a general fiber. In fact in [27] it is shown that there is a symplectic form Ω on Z such that it restricts to ω on the general fiber, and to ω i on X i . For the convenience of the reader, we state E. Ionel and T. Parker's result below.
Theorem 5. There exists a 2n + 2-dimensional symplectic manifold (Z, Ω) and a fibration λ : Z → D over a disk D ⊂ C. The central fiber Z 0 is the singular symplectic manifold X 1 ∪ Y X 2 , while for λ = 0, the fibers Z λ are smooth compact symplectic submanifolds -the symplectic connect sums.
In [27] E. Ionel and T. Parker also prove a useful lemma comparing the first Chern class of the symplectic sum X = X 1 # ψ X 2 (for arbitrary even dimension) with the Chern classes c 1 (X 1 ) and c 1 (X 2 ) of X 1 and X 2 .
and for a rim class r, c 1 (X)(r) = 0.
We will need the following proposition in our proofs of Theorems 1 and 2.
Proposition 7. Let X be closed, symplectic manifold of dimension 2n, and Y be closed, symplectic submanifold of of dimension 2n − 2 with trivial normal bundle. If there exist a sphere S in X that intersects Y transversally in exactly one point, then the homomorphism j * : π 1 (X \ Y ) → π 1 (X) induced by inclusion is an isomorphism. In particular, if X is simply connected, then so is X \ Y .
Proof. We closely follow the proof of Proposition 1.2 in [16] , see also Gompf's article [19] where this criterion was initially used. Notice that Y has a symplectically embedded neighborhood Y × D ǫ in X. Since Y has codimension 2 in X, any loop in X can be homotoped away from Y , thus the homomorphism j * :
such that the image j * [γ] = 0. We consider a homotopy H : I × I → X of γ to a constant map. The homotopy H can be choosen in a way that it meets
Since α is null-homotopic in S \ point = C, so are the circles γ k . This shows that j * : π 1 (X \ Y ) → π 1 (X) induces an isomorphism.
Definition 8.
A symplectic Calabi-Yau manifold, CY for short, is a symplectic manifold M with c 1 (M ) = 0.
Example 9. Let E(n) be a simply connected elliptic surface without multiple fibers. In this example, we study the elliptic surfaces E(2) = E(1)# T 2 E(1), K3 surface, in some detail. Our discussion will be useful in our proof of the Theorems 1 and 2. We will think of K3 surface as the fiber sum of two copies of E(1) = CP 2 #9CP 2 along a torus fiber. Consider the following basis for the intesection form of E(1): < f = 3h − e 1 − ... − e 9 , e 9 , e 1 − e 2 , e 2 − e 3 , · · · , e 7 − e 8 , −h + e 6 + e 7 + e 8 >, where e i denote the homology class of the exceptional sphere of the i − th blow up and h the pullback of the hyperplane class of CP 2 . The last 8 classes can be represented by spheres of self-intersection −2 and generate the intersection matrix −E 8 , where E 8 the matrix corresponding to the Dynkin diagram of the exceptional Lie algebra E 8 . The class f is fiber of an elliptic fibration on E(1) = CP 2 #9CP 2 and e 9 is a section. When we perform the fiber sum to get E(2), it is not hard to see the surfaces that generate the intersection form 2(−E 8 ) ⊕ 3H for E(2), where H is a hyperbolic pair. The two copies of the Milnor fiber Φ(1) ∈ E(1) are in E(2), providing 16 spheres of self-intersection −2 (corresponding to the classes {e 1 − e 2 , e 2 − e 3 , · · · , e 7 − e 8 , −h + e 6 + e 7 + e 8 } mentioned above), which realize two copies of −E 8 . One copy of H comes from a torus fiber f and a sphere section σ of self-intersection −2, i.e. from the Gompf's nucleus N (2) in E(2). The remaining two copies of H come from 2 rim tori and their dual −2 spheres (see discussion in [20] , page 73)). These 22 classes (19 spheres and 3 tori) generate
where I stands for any arbitrary partition of n.
For the proof of above Proposition, we refer the reader to [16] . In the discussion that follows, we will only consider the symplectic 6-manifolds. From the above proposition, we easily obtain the following formulas for the Chern numbers of the symplectic connected sum X 1 # ψ X 2 :
3. Proof of Theorem 1
Proof. To construct our simply connected symplectic Calabi-Yau 6-manifolds, we take two copies W = E(1)×T 2 and form their symplectic fiber sum along the symplectic submanifolds F × T 2 and F ′ × T 2 , where F and F ′ are the regular fibers of an elliptic fibration on E(1). Notice that −1 sphere section S of E(1) gives a section for the fibration on E(1) × T 2 with a regular fiber
The fundamental group of W is generated by the circles c and d coming from product T 2 , the generators a and b of F and the normal circle µ are all nullhomotopic in π 1 (W \ F × T 2 ). Our symplectic 6-manifold will be the symplectic connected sum of two copies W along the 4-tori F × T 2 and
that comes from an orientation preserving diffemorphism of T 4 which sends the generators of π 1 as follows:
From Seifert-Van Kampen Theorem, we get the following presentation for the fundamental group of X ψ .
This shows that π 1 (X ψ ) = 1. By Gompf's Theorem 4, X ψ is symplectic. Let us now prove that the simply connected symplectic 6-manifold X ψ is Calabi-Yau. We need to verify that c 1 (X ψ ) = 0.
First, we construct a basis for 2-dimensional homology of X ψ . Since X ψ is obtained as the symplectic connected sum of two copies of E(1) × T 2 , it is relatively easy to construct such a basis using Example 9. To get a basis for H 2 of E(1)×T 2 (b 2 = 11), we use the following basis for the two dimensional homology of E(1): < f = 3h − e 1 − ... − e 9 , e 9 , e 1 − e 2 , e 2 − e 3 , · · · , e 7 − e 8 , −h+e 6 +e 7 +e 8 > in Example 9 and pt×T 2 . When we do the symplectic connected sum along F × T 2 to get our symplectic 6-manifold X ψ , because of our choice of ψ, the rim tori and their associated vanishing classes are all nullhomologous in X ψ . The reason for that is the following: the circles c, d, c ′ , and d ′ in ∂(W \ T 2 × T 2 × D 2 ) do not bound disks on both sides. Thus, a basis for 2-dimensional homology of X ψ comes from the two copies of the Milnor fiber Φ(1) ∈ E(1) ⊂ E(1) × T 2 , −2 sphere section σ ′ obtained by sewing the −1 sphere sections e 9 and e 9 ′ , the fiber f , and pt × T 2 . Let us show that c 1 (X ψ ) is zero on all of these two dimensional classes. We will use the lemma 6 of Ionel and Parker above. Since c 1 (E(1) × T 2 ) = P D(F × T 2 ), c 1 (X ψ ) evaluates to zero on 2-dimensional homology classes of X ψ coming from the two copies of the Milnor fiber Φ(1). Notice that these 16 spheres have no intersection with F × T 2 . c 1 (X ψ ) is zero on sphere section σ ′ coming from the union of −1 sphere sections of E(1), thus zero by Lemma 6. Since the push-offs of the surfaces f and pt × T 2 in the normal direction of F × T 2 have no intersection with F × T 2 , c 1 (X ψ ) is zero on these classes. Since c 1 (X ψ ) is zero on our basis, we have c 1 (X ψ ) is zero class.
This concludes the proof of the Theorem.
Using the formulas above, setting X 1 = X 2 = E(1) × T 2 , Y = T 4 , and c 1 2 (T 4 ) = c 2 (T 4 ) = c 1 3 (E(1) × T 2 ) = c 1 c 2 (E(1) × T 2 ) = 0, we can easily compute the Chern numers of X ψ .
Notice that the above computation also follows easily from Theorem 1. Since c 1 (X ψ ) = 0 and c 3 (X ψ ) = 0, c 1 3 (X ψ ) and c 1 c 2 (X ψ ) obviously vanishes.
Proof of Theorem 2
Proof. To construct a family of Calabi-Yau symplectic 6-manifolds with the fundamental group Z, we again form the symplectic fiber sum of E(1) × T 2 with itself as in the proof of Theorem 1. Now we choose the gluing diffemorphism ψ differently. Let us choose the gluing diffeomorphism
that comes from an orientation preserving diffemorphism of T 4 which sends the elements of π 1 as follows:
By Seifert-Van Kampen Theorem, we get the following presentation for the fundamental group of X ψ ′ .
We compute π 1 (X ψ ′ ) = Z. In particular, X ψ ′ is non-Kähler. To make X ψ ′ symplectic, we first need to perturb the ambient symplectic form in one copy to make the lagrangian tori b × c and a × d the symplectic submanifolds of T 4 . We refer to the Lemma 1.6 [19] for the existence of such perturbation.
Once again by the argument similar to in the proof of Theorem 1, c 1 (X ψ ′ ) evaluates to zero on 2-dimensional homology classes of X ψ ′ . Notice that in this case X ψ ′ has basis for 2-dimensional homology which in addition to the classes in the proof of Theorem 1 contains one pair of essential rim torus and a dual 2 sphere, but again by Lemma 2.4 in [27] , c 1 (X ψ ) evaluates on rim tori and sphere to zero. We conclude that X ψ ′ is Calabi-Yau.
Remark 11. Notice that we have SL(2, Z) × SL(2, Z) worth of choices for our gluing map ψ. It was pointed to us by Robert Gompf the group action doesn't affect the resulting manifold X ψ . By using more general gluing diffemorphism from SL(4, Z), we can also construct examples with fundamental groups Z p × Z q for p, q ≥ 1, Z × Z q or Z × Z p . All the symplectic CY 6-manifolds constructed in this paper are symplectically minimal. This could be proved using [31] . The above construction can obviously be generalized to dimension 4n + 2 for any n ≥ 2 by using the symplectic manifolds of the form E(1) × · · · × E(1) × T 2 and summing them along T 2n+2 . We will present an alternative proof of Theorem 1 and 2 in the sequel [4] . Remark 12. Using a genus g Lefschetz fibration on CP 2 #(4g + 5)CP 2 over S 2 with the global monodromy (a 1 a 2 · · · a 2g+1 2 · · · a 2 a 1 ) 2 = 1 and forming the symplectic connected sums of CP 2 #(4g+5)CP 2 ×Σ g along Σ g ×Σ g , using a special gluing diffeomorphism that interchanges two copies of Σ g , one can generalize Theorems 1 and 2 to get simply connected symplectic 6-manifolds with Chern numbers c 1 3 = 24(g −1) 2 , c 1 c 2 = 24(1−g), c 3 = 8(g +2)(1−g). More familes can be constructed using X(n, g) × Σ g , Y (n, g) × Σ g , and Z(n, g) × Σ g , where X(n, g), Y (n, g) and Z(n, g) are the total spaces of the n fold fiber sum of three well known hyperelliptic Lefschetz fibrations given by the monodromies (a 1 a 2 · · · a 2g+1 2 · · · a 2 a 1 ) 2 = 1, (a 1 a 2 · · · a 2g+1 ) 2g+2 = 1, and (a 1 a 2 · · · a 2g ) 4g+2 = 1 in the mapping class group M g . By considering the symplectic building blocks and ideas from [19, 16, 1, 2, 3, 7] , one can construct simply connected potentially minimal symplectic 6-manifolds with Chern numbers c 1 3 = a, c 1 c 2 = b, c 3 = c for any triples (a, b, c) with a ≡ 0 mod 2, b ≡ 0 mod 24, and c ≡ 0 mod 2. For more details and the additional building blocks needed, we refer the reader to [19, 16, 1, 2, 3, 6, 7] . Unfortunately, currently there is no way to prove minimality of these examples in a general setting, but in Calabi-Yau case, one can show minimality using [31] . Also, using the building blocks from [19, 1, 2, 3, 6, 7] , it is simple to construct symplectic 6-manifolds with arbitrary finitely presented group as the fundamental group and varying Chern numers (c 1 3 , c 1 c 2 , c 3 ) as above. For example, if G is any finitely presented group, then there exists a spin symplectic 4-manifold S G with π 1 (S G ) = G, c 1 2 (S G ) = 0, and χ h (S G ) > 0 [19] . S G contains a symplectic torus T 2 of self-intersection 0 such that the inclusion induced homomorphism π 1 (T 2 ) → π 1 (S G ) is trivial. We can form the twisted sums of CP 2 #(4g + 5)CP 2 × T 2 (or X(n, g) × T 2 , Y (n, g) × T 2 , and Z(n, g) × T 2 ), and S G × Σ g along Σ g × T 2 to get symplectic 6-manifold with the fundamental group G and varying Chern numbers (c 1 3 , c 1 c 2 , c 3 ).
Simply Connected Symplectic CY 6-Manifolds via Coisotropic Luttinger Surgery
We would like to remark that we can also construct the symplectic CalabiYau 6-manifolds as above via coisotropic Luttinger surgery. The prospect of obtaining such examples was mentioned in [10] , but no examples with b 1 < 2 was given. In particular, the authors were not able to obtain the simply connected examples in [10] (see page 2). We now mention our construction. We refer the reader to [10, 17] for the definition of coisotropic Luttinger surgery. For background on Luttinger surgery, we refer to [22, 8] , see also [15, 5, 7, 6] for the applications.
First, we take two copies of W = E(1) × T 2 and form their symplectic connected sum along the symplectic submanifolds F × T 2 and F ′ × T 2 . We choose our gluing diffeomorphism φ :
The resulting manifold is clearly Calabi-Yau 6-manifold K3 × T 2 . Next, we identify the following two 4-tori in K3 × T 2 :
, where s and s ′ are "rim" circles of K3 surface, the meridians of F 2 × T 2 . Let show that each of these 4-tori T i has a dual 2 sphere S i of self-intersection −2. Notice that each of the above mentioned 4-dimensional torus in
has a dual circle in T 5 ("the remaining fifth circle") intersecting T i at a point, and since these circles a and b are null-homotopic in
The dual spheres S 1 and S 2 are obtained by contracting the circles a and b on both sides, using the vanishing disks of a and b. Notice that the meridian of T i lies on S i , thus null-homotopic in the in the fundamental group of complement of π 1 (K3 × T 2 \(ν(T 1 )∪ν(T 2 )). Now we perform the following two coisotropic Luttinger surgeries on 4-tori T 1 and T 2 in K3 × T 2 : (T 1 , c p , ±1) and (T 2 , d q , ±1). We denote the resulting symplectic manifold by M p,q , where p, q ≥ 0. Using the dual −2 spheres S i of T i and the meridian of T i are null-homotopic in the in the fundamental group π 1 (K3 × T 2 \ (ν(T 1 ) ∪ ν(T 2 )), we easily see that the fundamental groups of M p,q are one of the folowing abelian groups:
The first coisotropic Luttinger surgery gives c p = 1 and the second surgery produces the relation
has a trivial fundamental group. By setting p = 1, q = 0 or p = 0, q = 1, we get the symplectic 6-manifolds M 1,0 and M 0,1 with fundamental group Z.
Let us now prove that the simply connected symplectic manifolds M 1,1 is Calabi-Yau. Other cases are similar, and we study them in [4] .
To get a basis for H 2 of K3 × T 2 (b 2 = 23), we use 22 two dimensional classes in Example 9 plus pt × T 2 . When we do Luttinger surgery to get the symplectic 6-manifolds M 1,1 , we kill 2 rim 4-tori and their dual 2 spheres in homology, thus c 1 (M 1,1 ) automatically zero on rim 2-tori and these sphere classes. c 1 (M 1,1 ) is zero on the classes coming from two copies of Milnor fiber Φ(1) ∈ K3 × T 2 . By Lemma 2.4 in [27] , c 1 (M 1,1 ) is also zero on sphere section σ as it is the union of −1 sphere sections of E(1) and the remaining classes f and pt × T 2 . To apply Lemma 2.4 in [27] in this setting, one first has to view K3 × T 2 as the fiber sums of E(1) × T 2 . We also refer the reader to [18] , where coisotropic Luttinger surgery was suggested as candidate for a symplectic Calabi-Yau surgery.
Remark 13. Similar to our construction as above, we can obtain simply connected symplectic 6-manifolds by performing two coisotropic Luttinger surgeries on two 4-tori in W (n) = E(n) × T 2 (for n ≥ 3) and W (n, K) = E(n) K × T 2 (for n ≥ 2), where E(n) K is a symplectic homotopy elliptic surface of Fintushel and Stern [14] . We would like to remark that the choice of these 4-tori are same as in the proof of Theorems 1. These examples are not Calabi-Yau. One can also obtain the simply connected symplectic 6-manifolds by performing 2g coisotropic Luttinger surgeries on X(n, g) × Σ g , Y (n, g) × Σ g , Z(n, g) × Σ g , where X(n, g), Y (n, g) and Z(n, g) are the total spaces of the n fold fiber sum of three well known hyperelliptic Lefschetz fibrations given by the monodromies (a 1 a 2 · · · a 2g+1 2 · · · a 2 a 1 ) 2 = 1, (a 1 a 2 · · · a 2g+1 ) 2g+2 = 1, and (a 1 a 2 · · · a 2g ) 4g+2 = 1 in the mapping class group M g . The abelian and cyclic π 1 examples can be obtained from V m,n,g × Σ g , where V m,n,g is m fold fiber sum of the genus 2g + n − 1 Lefschetz fibration on Σ g × S 2 #4nCP 2 [21, 23] , and Sym 2 (Σ g ) × T 2 . Notice that V 1,1,1 is well known Matsumoto's genus two fibration on T 2 × S 2 #4CP 2 . The details of these construction given in [4] . Remark 14. We expect that the manifolds M 1,1 and M 1,0 are closely related (perhaps the same) to X ψ and X ψ ′ that we constructed in Theorems 1 and 2. In a forthcoming paper, we study these manifolds in details. We also use the symplectic Calabi-Yau 6-manifolds X ψ and X ψ ′ along with the symplectic building blocks that we constructed above and Sym 3 (Σ g ), 3-fold symmetric product of the genus g surface, to study the geography of symplectic 6-manifolds in [4] .
